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Motivation
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How do deep GPs work?
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Why deep GPs?

Advantages:

• useful input warping: automatic, nonparametric kernel design

• repair damage done by sparse approximations to GPs

• inference exact for layer’s output when layer’s input is deterministic

Drawbacks:

• require complicated approximate inference methods

• high computational cost
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Bayesian inference

Posterior over latent functions:

p(f1, f2, f3|Y) =
p(f1)p(f2)p(f3) p(Y|f1, f2, f3,X)

p(Y)

• GP priors

• Likelihood function

• Marginal likelihood

But the posterior p(f1, f2, f3|Y) is intractable.
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Inducing inputs and outputs

Distribution on f given by GP with inducing inputs X̄ and outputs f̄.

f (x) ∼ N (mx, vx), where

mx = kx,X̄K−1
X̄,X̄

f̄ ,

vx = kx,x − kx,X̄K−1
X̄,X̄

kX̄,x .

f̄ ∼ N (mf ,Vf ):

mx = kx,X̄K−1
X̄,X̄

mf ,

vx = kx,x − kx,X̄K−1
X̄,X̄

kX̄,x + kx,X̄K−1
X̄,X̄

Vf K−1
X̄,X̄

kX̄,x .

x ∼ N (mx,Vx), f (x) no longer Gaussian, but

mx = Ex[kx,X̄]K−1
X̄,X̄

mf ,

vx = complicated but doable, requires Ex[kX̄,xkx,X̄] .
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Expectation propagation

Approximates p(θ) ∝ p0(θ)
∏N

n=1 fn(θ) with q(θ) ∝ p0(θ)
∏N

n=1 f̃n(θ)

The f̃n are tuned by minimizing the KL divergence

DKL[pn||q] for n = 1, . . . ,N , where
pn(θ) ∝ fn(θ)

∏
j 6=n f̃j(θ)

q(θ) ∝ f̃n(θ)
∏

j 6=n f̃j(θ)
.
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The EP approximation to the evidence p(Y) is given by

logZEP = logZq +
N∑

n=1

log Eq

[(
fn(θ)

f̃n(θ)

)]
,

The EP solution for q can be obtained by solving

max
q

min
f̃1,...,f̃N

logZEP subject to q(θ) = p0(θ)
N∏

n=1

f̃n(θ) .

Can be solved with double-loop algorithm. Too slow in practice!
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Approximate Expectation Propagation

We tie the factor 
approximations

• max
q

min
f̃1,...,f̃N

problem → max
q

problem, no double-loop needed!
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We only need to optimize

logZEP = logZq +
N∑

n=1

log Eq

[(
fn(θ)

f̃ (θ)

)]
.

But this requires integrating the exact likelihood factors (intractable).

Solution: moment match each GP output to a Gaussian at each layer.
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Approximate Gaussian message propagation
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Gaussian projection

−3

−2

−1

0

1

2

y

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6

x

10 / 17



Gaussian projection

−3

−2

−1

0

1

2

y

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6

x

10 / 17



Gaussian projection

−3

−2

−1

0

1

2

y

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6

x

10 / 17



Gaussian projection

−3

−2

−1

0

1

2

y

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6

x

10 / 17



Gaussian projection

−3

−2

−1

0

1

2

y

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6

x

10 / 17



Gaussian projection

−3

−2

−1

0

1

2

y

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6

x

10 / 17



Gaussian projection

−3

−2

−1

0

1

2

y

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6

x

10 / 17



Training deep GPs: 1 epochs
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Training deep GPs: 6 epochs
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Training deep GPs: 25 epochs
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Comparison to Bayesian neural networks

Rankings of all methods across ten different regression datasets

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

MLL Average Rank

PBP−1
Dropout−1
SGLD−1
DGP−1 50
SGLD−2
VI(KW)−1
GP 50

DGP−3 100
DGP−2 100
DGP−3 50
DGP−2 50

GP 100
HMC−1

VI(KW)−2
DGP−1 100

CD
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Efficiency of organic photovoltaic molecules

Dataset: 50k/10k training/test points, 512-dim. binary input features

MLL
−1.40
−1.35
−1.30
−1.25
−1.20
−1.15
−1.10
−1.05
−1.00
−0.95

BNN-VI

GP 200

GP 400

DGP-2 200

DGP-5 200
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Summary

Novel approach for regression with Deep GPs.

• Inference based on approximate EP energy minimization.

• Extensive comparison to GPs and Bayesian neural networks.

• We obtain very good predictive performance.
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