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Introduction
Motivation: A cookie company wants to create a low-calorie cookie
that is just as tasty as the original. This is a constrained optimization
problem over the parameterized space of cookie recipes. Bayesian
Optimization (BO) methods based on Gaussian Processes (GP) can
find the optimal recipe using a small number of function evaluations.

In general, we want to solve: max f(x) s.t. C1(x) ≥ 0, . . . , CK(x) ≥ 0,
where the evaluations of f and C1, . . . , CK may be corrupted by noise.

Problem: Existing BO solutions work by combining the Expected
Improvement (EI) heuristic with feasibility indicators [1, 2]. These
methods may run into problems because the EI framework does not
naturally extend to the constrained case.

Solution: approaches that maximize the amount of information on
the location of the global solution do not have the aforementioned
problems. We extend an information-based method called Predictive
Entropy Search (PES) [3] to handle constraints. The resulting method
is called Predictive Entropy Search with Constraints (PESC).

Expected Improvement with Constraints (EIC)
EIC [2, 1] extends the expected improvement (EI) heuristic

EI(x|y�) =
�

max(0, y� − y)p(y|x)dy , y� ≡ best result , (1)

to consider the expected feasible improvement, i.e., the EI subject to
Ck(x) ≥ 0, k = 1, . . . ,K. The EIC acquisition function is then

α(x) = EI(x|y�)�K
k=1 Pr(Ck(x) ≥ 0) , y� ≡ best feasible result . (2)

When the evaluation of the constraints is corrupted by noise, EIC
uses probabilistic constraints: x is feasible if Pr(Ck(x)|D) ≥ 1 − δk,
for k = 1, . . . ,K, where the δk are small positive numbers.

Problems:
• y� is not defined if no feasible solution has been found yet.

• EIC breaks down in a decoupled scenario where we can choose
to evaluate only one of the functions (objective or constraints):

For x to improve over the current best feasible solution, both
the objective and the constraints must produce high values at x.
But this is not possible if we only evaluate one of the functions.

Predictive Entropy Search (PES)
In the unconstrained case, PES [3] collects data actively to find the
global maximizer x� of f :
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PES maximizes the expected reduction in the entropy of p(x�|D)

α(x) = H(p(x�|D))− Ep(y|D,x) [H(p(x�|D ∪ {x, y}))] ≡ I(x�, y) , (3)

where H[·] computes the entropy of a distribution. (3) is also used by
Entropy Search [4]. Because I(x�, y) = I(y,x�) PES rewrites α(x) as

α(x) = H(p(y|D,x))− Ep(x�|D) [H(p(y|D,x,x�))] ≡ I(y,x�) . (4)

PES approximates the expectation with respect to p(x�|D) in (4) using
an approximate Monte Carlo method. Expectation propagation (EP)
[5] is used to approximate p(y|D,x,x�) in the acquisition function.

PES with Constraints (PESC)
PESC collects data to find the global maximizer x� of f that is feasible.
The PESC acquisition function is

α(x) = H
�
p(yf , y1, . . . , yK |D,x)

�
−E

�
H

�
p(yf , y1, . . . , yK |D,x,x�)

��
,

• The expectation with respect to p(x�|D) is approximated as in PES.

• The distribution conditioned to x� is intuitively given by

p(yf , y1, . . . , yK |D,x,x�) ∝
�
δ[f̄ − f(x)]N (yf |f̄ ,σ2

f )p(f |Df
n)��

x� �=x�

���K
k=1 Θ[ck(x

�)]
�
Θ[f(x�)− f(x�)] +

�
1−�K

k=1 Θ[ck(x
�)]
���

��k
j=1 Θ[cj(x�)]

� ��K
k=1

�
δ[c̄k − ck(x)]N (yk|c̄k,σ2

k)p(ck|Dk
n)
��

dfdc1 · · · dcK ,

where Θ is the Heaviside step function, δ(·) is Dirac’s delta and f ,
c1, . . . , cK are infinite dimensional vectors encoding the objective and
the constraints.

Approximation: We first approximate the infinite product with a
finite dimensional one only over the locations at which we have data.
We then find a Gaussian approximation using EP [5].

Quality of the PESC Approximation
Objective and Constraint
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We compare the acquisition functions (right plot) given by PESC, EIC
and and a ground truth for PESC given by rejection sampling on
synthetic data (right plot). The ground truth and PESC obtain the
highest values at similar locations.

Experiments: PESC vs. EIC
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Objective and one constraint are sampled from a zero-mean GP with a
squared exponential covariance function with unit amplitude and length
scale � = 0.1 in each dimension. Evaluations are corrupted with Gaussian
noise with variance 0.01. We use probabilistic constraints and fix δ1 = 0.05.
The y-axis shows median utility gap over 500 runs between the recom-
mended solution and the true solution, where utility is set to the worst possi-
ble value if the recommended solution violates the constraint.
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