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Abstract

This paper is an introduction to some basic concepts ondrigmi®n networks,

microarray chips and sparse linear methods. We descritaptbleation of sparse
linear methods to the modeling of gene expression data, Riesreview the gene
expression process and how transcription networks regyliaitein production
rates in cells. After this, DNA microarray chips are desedalongside with the
specific features of the gene expresion data generateddtettinology. Finally,
we also introduce different sparse linear methods thatraguéntly used in the
modeling of gene expression data.

1 Introduction

Cells are very complex devices composed of several thogsafnidteracting proteins, where each
of these proteins is a biological molecule that acomplighsgecific task with very high precision.
In particular, proteins do almost everying in a cell, frora tiatalyzation of chemical reactions or the
maintainance of cell shape and size to the transmissionraagsing of information or the binding
of small target molecules [1]. As an examp&accharomyces cerevisiae budding yeast is one
of the most thoroughly researched microorganisms and dligsidual cells typically contain a few
billion proteins of about 6,600 different types [2].

Throughout the lifetime of a cell, different proteins hawebe produced in different situations with
production rates that can also vary with time. For examplaniother well studied microorganism
called Escherichia coli the absence of glucose and the presence of lactose tritpgepsoduction
of several proteins that are required for the transport hadietabolism of lactose [2]. When the
DNA molecules of a cell undergo structural damage, DNA nepgoteins are produced by the cell
to correct the alterations in the DNA molecules [3]. Thusel constantly checks for changes in
its environment and automatically fixes an adequate pramtucate for each protein. The process
by which a protein is synthesized from the information stiarethe DNA is calledyene expression
Additionally, the main mechanism of control of the amounpofteins generated during the gene
expression process is callé@nscription regulationand it is carried out byranscription control
networkd4, 2].

DNA microarray chipg5] are a recent high-throughput molecular techology tHate researchers
to simultaneously monitor the expression profile of thodsaof genes in a single sample of cells or
tissues. Microarray datasets often present three commemacteristics. First, they only include a
limited numbem of data instances. Second, noise in the expression measunitei® frequently very
high and finally, microarray datasets have a large dimea$iigni, whered > n. These features
provide a significant challenge to the analysis of gene esgiwa data. In particular, most machine
learning methods are likely to identify irrelevant pat®in such a 'largel, smalln’ scenario [6].
To solve this problem, a popular approach is to consider alenyingsparse linear modeihose
input is the activity of a few relevant genes. Given a micrapdataset, the coefficients of this linear
model are learned usingsparse linear methof¥, 8, 9].
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Figure 1: The four steps of the gene expression mechanismst RINA polymerase transcribes
the information coded in a gene to a pre-mRNA molecule. Sectre pre-mRNA molecule is
modified, resulting in an mRNA molecule. Third, the mRNA nmlé is mapped to a chain of
amino acids. Finally, the polypeptide chain is folded intBdaprotein structure. Regulation of
protein concentration may occur at any of these steps. Hemveranscriptional control is the most
common regulatory mechanism.

2 Gene Expression

Gene expression is the process by which proteins are synthkds a cell. A gene is a sequence of
nucleotides in a DNA molecule with the instructions for thleguction of a particular protein [10].
Genes are generally preceeded in the DNA by a regulatorgmegilled the promoter. The enzime
RNA polymerase binds this promoter and synthesizes a pridAnRolecule or primary transcript
that is a complementary copy of the gene. This first step ofjire expression process is called
transcription. In a second step called RNA processing, tkefRNA molecule undergoes some
modifications to become an mRNA molecule. After this, a st@lfed translation generates from
the mRNA molecule a corresponding polypeptide chain. Theiered mapping between RNA tri-
nucleotide sequences and amino acids is known as the geoeléc[1]. Finally, the polypeptide
chain is folded into a three-dimensional structure, beogna biochemically active protein [4].
Figure 1 displays these four steps of the gene expressioiman&en: transcription, RNA processing,
translation and folding.

Regulatory molecules can control the final concentratiosaah protein. For this, they modify the
amount of intermediate product produced at each step oféhe gxpression process. Regulators
are generally fully-assembled proteins but other inteiiatedproducts such as RNA molecules or
polypeptides can also have a control role in the gene expregsocess [10, 4]. Although regulation
can take place at any step, transcriptional control is thstrimeportant mechanism for regulating
gene expression. In particular, a control step at the biegiof the gene expression process allows
the cell to save energy by preventing the production of uesssry RNA molecules.

3 Transcription Regulation

The rate of synthesis of pre-mRNA molecules is determinedhiyactivity of the enzime RNA
polymerase (RNAP). After binding a specific DNA sequencéeromoter, RNAP opens the DNA
double helix and starts copying the genetic material intoearpRNA molecule. Transcription ends
when RNAP finds a stop sequence in the DNA. This process #rifited in the top of Figure 2. The
activity of RNAP can be altered by the action of differentuksgory molecules. These regulators
may modify (i) the affinity of RNAP to bind the promoter, (iih¢ accessibility of RNAP to the
DNA, (iii) the rate at which RNAP synthesizes the pre-mRNAletolle and (iv) the location in the
DNA where RNAP terminates the copying process [10]. Fronsehfeur transcriptional control
mechanisms, the first one appears to be the most predominaature [4]. The reason for this is
that this form of regulation is very configurable for specgfenes.

The affinity of RNAP for binding a particular promoter can bedified by a series of regulatory
proteins calledranscription factors These are DNA binding proteins that are able to recognide an
bind specific DNA sequences calletbtifs When a transcription factor (TF) binds a motif in the
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Figure 2: Transcription begins when RNAP binds a specific Dd¢é8uence in the promoter (top).
After this, RNAP copies the genetic material into a pre-mRMN8lecule. Transcription ends when
a particular stop sequence is recognized by RNAP. Actiatoteins may bind a specific nucleotide
sequence in the promoter, increasing the binding affiniftAP (bottom left). Repressor proteins
may bind a specific nucleotide sequence in the promotercieduhe binding affinity of RNAP
(bottom right).

promoter of a target gene, it changes the probability pertimé that RNAP binds the promoter and
generates a pre-mRNA molecule [2]. In particular, if the $Ran activator it can recruit RNAP to
the promoter of the target gene and increase the probabilinanscription initiation. By contrast,
if the TF is a repressor it can prevent RNAP from binding thenpoter of the target gene and the
probability of transcription initiation is reduced. Thettmm of Figure 2 illustrates this behavior.
The molecular form of a TF can shift rapidly from active to détime states and this depends on
specific environmental signals [2]. An active TF is very like bind the promoter of a target gene,
while the DNA binding properties of an inactive TF are sigrdfitly reduced. TFs are proteins and
are also encoded in the DNA by genes. This means that thessipndevel of a particular TF can
also be controlled by other TFs and these may additionallgelated by yet other TFs and so on.
These regulatory interactions at the transcription lewthieen different genes and different gene
products can be organized in a transcription control nétwor

4 Transcription Control Networks

A transcription control network (TCN) describes the trai@nal regulatory interactions between
the genes of a cell [4, 2, 13]. Each node in the network coorgpto a specific gene and each edge
represents a transcriptional regulatory relationshigvbenh the two connected nodes. In particular,
the directed edge X~ Y indicates that the protein product of gene X, typically g &s a direct
effect on the transcription rate of gene Y. TCNs have a scaketbpological structure [14, 15, 13].
This means that most genes are involved in only a reduced euofinteractions, while a few hubs
or key regulators are linked to a significantly higher numtifegenes. Figure 4 illustrates this by
displaying an approximation of the TCN for budding yeasteveithe directionality of the edges has
been removed to improve network visualization [11]. In fh@N, the average connectivity of a few
hub genes (diamon-shaped nodes) is very high: 21.75, wieleterage network connectivity is
much lower: 3.77. Highly connected nodes or hubs are thétrefsa heavy tail in the connectivity
distribution of scale-free networks. In particular, thelpability that a randomly selected node in
a scale-free network has exacthflinks follows a power lawP (k) ~ k=7, where is the scaling
exponent and- indicates 'proportional to’ [14]. The left part of Figure iavs a histrogram for
the connectivity in the TCN of budding yeast. The heavy tailhis histogram and its decreasing
shape suggest a power law for the connectivity distributieurther evidence is given by the right
part of Figure 4, which shows a log-log plot of the empiricahnectivity probabilities. The points
in this plot are well approximated by a straight line. Thiaiglear signature of an underlying power
law process. Another key feature of scale-free networks jmparticular TCNs, is their robustness
[14]. In a scale-free network, random failure of a node gelherffects the many nodes with low
connectivity, which are not essential for maintaining tleéwork integrity. However, an intentional
attack to a few of the hub nodes or key connectors can significdamage the network.
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Figure 3: Main connected component of an approximationtferttanscription control network of
budding yeast. This network is described in [11]. Each negeeasents a different gene and each
link represents a transcriptional regulatory interactietween two genes. White diamond-shaped
nodes correspond to the 20 genes with highest connectiity.average connectivity of these hub
genes is very high: 21.75. By contrast, the average comvitgatf a gene that is selected randomly
in the network is much lower: 3.77. The network was visualiasing the software Cytoscape [12].

4.1 Modeling the Edgesina TCN

As mentioned before, a link in a TCN represents an interadt@ween a regulator and a target gene.
This interaction can be formally described in terms of theaamtrations of regulator, pre-mRNA
molecules of the target gene and enzime RNAP. For this, Mich&/lenten interaction kinetics and
the Hill equation are employed to model the chemical reastihat ocurr during the transcription
process [4, 2, 16].

First, we consider a situation with no regulation in which AAN(P) binds a nucleotide sequence
in the promoter V) of a gene to form a complexP(V). After this, transcription occurs and a
pre-mRNA molecule X) is generated. These chemical reactions are represeritethatically as
follows:

k+1 5
P+N=PN"P{N+X, 1)
k_1

wherek,; andk_; are respectively the rates of complex formation and comgigssociation and
k4o is the rate of transcription. Michaelis-Menten kinetidewlus to obtain a differential equation
for the concentration ok (see Appendix A), namely
diX] _ Vm[P]
dt — [P]+ Kn
whered is the rate of degradation df, [-] stands for 'concentration of'V;,, = k. 2[N], is the

maximum rate of synthesis ardd,; = (k_1 + k12)/k+1 is referred to as the Michaelis constant.
When[P] exceeds,, the rate of syntehsis of begins to saturate at its maximum valg.

o[X], )

The previous example can be easily extended to account éitiyeoregulation by a TF. In particular,

RNAP may not bind the promoter of a gene unless an activatphés already bound a nucleotide
sequence in the promoter [4]. The bottom left of Figure Zillates this. Additionally, the promoter
may containy copies of the DNA sequence bound Ay Under this setting, the differential equation
for the concentration ok (see Appendix B) is given by

dx] _, (A" [P
dt " JA*+ Ka [P+ Kn

—o[X], ®3)
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Figure 4: Left, histrogram for the connectivity in the traription control network of budding yeast.

Hubs or highly connected nodes are represented in thiogrstm by a heavy tail. Right, log-log

plot of the empirical connectivity probability functionh€ points in this plot are well approximated
by a straight line. This is a clear signature of an underlyiager law process.
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Figure 5: A general procedure for constructing a model dffoelctioning. First, cell samples are
obtained under different conditions, e.g. metastatic eanells and non-metastatic cancer cells.
Second, the experimenter measures protein concentratioing cells. Third, a learning algorithm
computes the parameters of a model that describes thesiotstructure in the data. The resulting
model may then be employed in posterior analyses or prediti

whereK 4 is a constant that determines the saturation threshold f@imilarly, the transcription
process can be negatively regulated by a repreggah@t binds a particular nucleotide sequence in
the promoter of a gene. Under this configuration, transorigty RNAP only occurs wheR is not
bound [2]. The bottom right of Figure 3 illustrates this. Atitthally, the promoter of the gene may
containg copies of the nucleotide sequence bound by the repressercdrhesponding differential
equation for the concentration &f (see Appendix C) is given by
d[X] 1 [P]

dt Vi 1+ [R)P/Kr [P]+ Kn oI, @)
whereK g is a constant that determines how much repressor is negdéssezducing the production
rate to a half of the maximal activity that would be obtainede@r no regulation and no transcript
degradation [2].

5 Microarray Chips

The internal state of a cell is determined by the proteinsfthran the cell and their corresponding
concentrations. Hence, we may construct a model of celltiomiog (e.g. a TCN) by measuring

protein concentrations in a cell under different condisicas illustrated in Figure 5. This may require
of specific machine learning and pattern recognition methdtie information encoded in the model



Hybridization of cDNA molecules DNA Microarray Chip Image

Figure 6: Left, fluorecently marked cDNA molecules bind cdenpentary probes on the surface of
the microarray chip. The relative number of these hybriitizes depends on the concentration of
RNA transcripts in the original sample. The four leftmogilpes match a gene that is not expressed
by the cells under study. Therefore, few cDNA molecules kims group of probes. By contrast,
the four rightmost probes match a gene that is significanxtyessed in the original sample. Thus,
several cDNA molecules bind this group of probes. Right,gmaf logarithmic probe intensities in

a DNA microarray chip. Each dot in the image corresponds t@amof identical probes that match
a specific gene subsequence. The dot intensities are givitie logspective concentrations of bound
cDNA molecules.

may then be employed in posterior analyses or predictionisekample, we might be interested in
studying the mechanisms underlying metastasis in cantier rethis case, samples from metastatic
and non-metastatic cancer cells are obtained and proteceotrations are measured. The resulting
data are then analyzed by a machine learning method thatootssa model for the 'metastatic’ and
'non-metastatic’ states. Finally, this model is used tantidfg proteins and regulatory interactions
involved in the transition of a cancer cell from one statéh@ather.

Measurements of protein concentration can be obtainedeicttlf using a recent high-throughput
molecular technology referred to as DNA microarray chigs Microarray chips allow scientists
to simultaneously monitor the concentration of thousarfd@NA transcripts in a sample of cells.
Although RNA concentration is not the same as protein comagon, microarray measurements are
expected to be representative of the relative number of-folimed proteins in a cell population.

DNA microarrays consist of a glass slide or a silicon chigwtftousands of microscopic spots, each
containing a small amount of identical DNA sequences calletiesthat are attached to the surface
of the chip. The probes in an individual spot correspond tocatsection of a particular gene whose
expression is to be monitored. Microarray experiments gglyancorporate five steps. First, RNA
molecules are extracted from a sample of cells or tissuesimyrmn organic extraction procedures.
Second, a reverse transcription procedure translatesNi#erRolecules into complementary DNA
(cDNA) molecules that are labeled with a flourescent markéird, the cDNA molecules bind to
complementary probes on the surface of the microarray otdgprocess referred to hgbridization
This is illustrated in the left of Figure 6. Fourth, after wasy the surface of the chip, a scanner is
used to measure the amount of fluorecent marker present brspat The output of this scanning
process is a microarray image, see the right of Figure 6. ©teeid the microarray image correspond
to groups of identical probes that match a specific gene gulesee and the dot intensities are
given by the respective concentrations of bound cDNA madéciBecause cDNA concentration is
representative of original RNA concentration, the micragimage offers us a 'snapshot’ of all the
transcriptional activity that was taking place in the bgital sample. Finally, before obtaining a
final expression measurement for each gene, variationsdroarray data caused by technical and
biological factors must be corrected in a step cafiedmalization More information about DNA
chips and microarray experiments can be found in [17].
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Figure 7: Elliptical countours of the residual sum of sqedtenction (red) along with the constraint
regions (green) for the lasso (left) and ridge regressigh{y. |w; | + |ws| < 1 andw? + w3 < 1,
respectively. Both the lasso and ridge regression seledirit pointw where the elliptical contours
hit the corresponding constraint region. In this case,dbsd returns a sparse solution= (11, ws)
wherews is equal to zero. By contrast, the ridge regression solugiot sparse.

DNA microarray chips represent a significant technolodicabkthrough because, for the first time,
scientists have been able to monitor the internal state afladical system [18, 19]. Nevertheless,
microarray gene expression data suffer from several drekegbdirst, microarray measurements are
affected by a substantial amount of experimental and bickdgoise. Second, the economic cost of
microarray experiments is considerably high. Hence, maigay datasets usually include a limited
numbern of sample instances. Finally, each microarray sampledigslamensional vector with the
relative expression of genes where > n. This combination of noisy measurements, reduced
number of sample instances and very high-dimensional feapace makes significantly difficult
the analysis of microarray data. In particular, most maet@arning methods are designed to work
with large datasets of relatively low dimensionality thatlude minor levels of noise. When these
methods are applied to microarray data 'overfitting’ is asiderable problem. The conclusion is
that gene expression datasets have to be analyzed by spetiéim recognition methods.

6 Sparse Linear Methods

A popular approach for modeling limited high-dimensionatiadis to consider an underlying sparse
linear model whose output is formed by the activity of a remtlisubset of features. Let us assume a
standard regression framework whé&e= {(x;,y;)}_, is a training set witln observations, each
one formed by a@-dimensional feature vectar; and a corresponding scalar targetThe objective

is to learn a function whose input is a new feature vegtand whose output is a predictignfor

the true target value of. A simple characterization for such function is a linear miod

J=wid1 + -+ wala, (5)

wherek = (#1,...,24)" andw = (w1, ..., wq)" is a vector of real coefficients. Usually,is fixed

by minimizing the residual sum of squares on the training gabject to a bound on its euclidian
norm. This process is callettige regression [20]. However, when the level of noise in theufiesst

is high andd > n, ridge regression may identify spurious pattern®ithat do not generalize to
new data instances. This is particularly the case whemly depends on a few componentsxgf
Under this setting, overfitting can be reduced by assumiagttte optimal choice fow is a sparse
vector with many zero components. In this case, an estineaite’ fcan be obtained by running a
sparse linear method [7, 8, 9] on the training data. As welédscing overffiting, sparse techniques
also allow us to identify the most relevant features for sgjthe learning task.

6.1 The Lasso

The lasso (least angle shrinkage and selection operatecise by minimizing the sum of squares
on D subject to a bound on the; norm of this coefficient vector [7, 20]. In particular, thessa



estimate fomw is defined by

n d
W= argmin{z (yi — WTXi)Q} subject to Z |w;| < (6)
w i=1 i=1
whereq is a positive regularization parameter. The computatiow a$ a cuadratic programming
problem with linear inequality constraints [7] that can bés/ed very efficiently [21]. Additionally,
w is frequently a sparse vector with many components equartm Z he origin of this sparsity lays
in the specific contours of the; constraint function as illustrated in Figure 7 for a two-dimsional
regression problem. The residual sum of squares is a ciafinattion whose elliptical contours are
centered at the full least squares estimate. The constegjitns for the lasso and ridge regression
are respectively the diamond | + |w2| < 1 and the diskv? + w3 < 1. Both methods select the
first pointw where the elliptical contours hit the constraint region. ai'lthe soluction occurs at a
corner of the diamond, the corresponding componert @ equal to zero. Because the disk has
no corners, the ridge regression solution is never spar$enwhe dimensionality is increased, the
diamond turns into a rhomboid with many corners. The lastatisn is then very likely to ocurr at
some of those corners, producing a sparse coefficient vector

The regularization parametarcontrols the number of componentswithat are zero. In particular,
the smaller is, the 'sparsenw results. However, the optimal choice foiis specific of the problem
under analysis and there is no straightforward rule for asting it. Hence, to fix this regularization
parameter, we may perform a cross-validation search usatyaining data. Once has been tuned
andw is available, we may identify the most relevant features@iving the regression task. These
features correspond to the componenté:ahat are different from zero.

6.2 Automatic Relevance Determination

GivenD, the automatic relevance determination (ARD) framewoekds a sparse estimate ferby
regularizing the space of solutions with a data-dependémtt fhat forces some of the components
of this coefficient vector to be zero [22, 9]. The basic ARDopfor w is given by

d
P(w) = [[N(wi,0,0; ), @)
=1
whereN (x, i, 02) is the density function for a Gaussian distribution with mgaand variance?
evaluated at and thex; are non-negative hyperparameters controlling the pridaxae for each
unknown component of. In particular, wheny; is small, we expect the solution far; to be rather
large in absolute value and whepis large, the solution fow; is expected to be close to zero. The
value of these hyperparameters . .., ay is computed from the data by first, marginalizing over
the coefficient vectow and then, maximizing the type-Il likelihood or evidence.[8pr this, the
targetsy; are assumed to be generated by the model

y =Xw +o°n, (8)

wherey = (y1,...,y,)", X is then x d matrix whose-th row is equal tox], n is ann-dimensional
random vector whose components are independent and idinticstributed following a standard
Gaussian distribution angf is a positive parameter that represents the level of noitleeitargets.
The logarithm of the evidence under this model is given by

n N 1 1
Lla) = log/ HP(yi|Xi,w)P(w) dw = -3 log |C| — incfly + constant 9)
=1

wherea = (ay,...,aq)", Cis then x n matrix
d
C=0"T+) a7 pip; (10)
i=1

and ¢; is thei-th column of matrixX. Appendix D describes a very efficient greedy algorithm
for the local maximization of (9). Once a maximuin= (éy,...,aq)" of L() is obtained, the
corresponding estimate fev is given by the posterior mean, namely

W= (?A+X"X) Xy, (11)
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Figure 8: Left, 'spike and slab’ prior density for a singlesficient. This density is a mixture of a
Gaussian and a Dirac delta function, both centered at zdéve d&lta function has been represented
by an arrow pointing terco. Right, approximation of the posterior distribution fet The training
data is the same as in the two-dimensional regression problé=igure 7 andr-? was fixed to 1.
The prior forw is a spike and lab distribution whesé = 1 andw = 0.5. The maximum likelihood
solution is marked in the diagram with an 'x’. The densitytph@s obtained by generating 10,000
samples from the posterior by Gibbs sampling [27] and thenpeding a kernel density estimate.
Three regions of high probability can be identified in thetplowo of them correspond to sparse
solutions where eithew; = 0 or wy = 0. These sparse regions are approximated as clouds with
positive lengths and widths, but they are actually straligies with only one dimension. The third
region lays between the other two and corresponds to naisesgalutions. Finally, the posterior
density is maximal in the sparse region in which = 0.

whereA = diag &, ...,dq). As a result of the maximization af(«), several hyperparameters
a; will take an infinite value and the correspondingwill have a posterior distribution with mean
and variance both zero. Hence, the estimatexf@iven by the ARD approach is typically a sparse
vector. The origin of this sparsity can be understood froralternative formulation of the ARD ob-
jective functionZ(«) using auxiliary functions [23]. Under this new formulatj@local maximum
of the objective function is obtained by solving a seriesesfueighted lasso regression problems.
Finally, according to ARD, the most relevant features fdvisgy the regression task correspond to
thea; that are finite onc&€(a) has been maximized.

6.3 Bayesian Sparsity

Under a Bayesian framework, sparsity is enforced by inc@fieg a prior onw that concentrates
its mass on sparse parameter vectors. Some sparsifyirrg primthe Laplace [24] or the 'spike and
slab’ [8] distributions. This latter prior works by introding ad-dimensional vector of binary latent

variables denoted = (z1, ..., z4) € {—1,1}%, wherez; = 1 if the i-th component ofv is not zero
andz; = —1 otherwise. Conditioning os, the prior forw is given by
d
i+ 1 1—z
Pvie) = I |25 w0, + 15 250w (12)

=1
wheres? is the prior variance for the non-zero componentsvoéndé is the Dirac delta function
which represents a point mass at zero. Note that whea —1, thei-th component ofw is not
random because it can only take value zero. By contrast, whenl, the prior forw; is a Gaussian
with zero mean and variac8, wheres? is significantly larger than zero. The term 'spike and slab’
has its origin in the delta function (the spike) and the brGadissian (the slab) that appear in (12).
To complete the prior fow, we have to fix the 'a priori’ probabilities for each compohehz.
These probabilities are often described by independemdad distributions:

d

P(Z)H[Zi;1w+12zi(1w) , (13)




where0 < w < 1is the prior probability that a specific componentwofs not zero. Very frequently,
this constant is fixed t0.5 so that (13) is non-informative on[25]. The unconditional prior for
w is then obtained by marginalizing the product of (12) and (4i3h respect taz. The resulting
density for each component @f is a mixture of a Gaussian and a delta function, as illusirate
the left of Figure 8. Finally, before performing any Bayes@malysis, we must specify a likelihood
function for the model parameters. For this, we assume liegtatrgets are generated by model (8).
Under this setting, the likelihood far giveny andX is

n n

PlyIX,w) = [[Pluilxi,w) = [ [V (wilw'xi, 0?) . (14)

i=1 i=1

Once we have a likelihood function and a prior distributiBayes’ theorem allows us to compute
the posterior distribution fow wheny andX are observed:
>, Py|X, w)P(w|z)P(z)
P(wly,X) = == ; (15)
iy %) Ply/X)

where the latent variableshave been marginalized out. This posterior represents reertainty
onw after observingy andX. The right of Figure 8 displays a plot of the posterior dinition
for a two-dimensional regression problem. Three regiotb@Euclidian plane have large posterior
probabilities in this case. Two of them correspond to sppasameter vectors where eithey = 0
orwe = 0. The third region lays between the other two and represeiusiens that are not sparse.
To compute a probabilistic prediction for the targedf a new feature vectot we use

P@IX,y.%) = /'P<@|f<,w>7>(w|x,y> dw (16)

In this formula, any possible value fer is considered for prediction with a weight proportional to
its posterior probability. Additionally, the Bayesian rhatery under the 'spike and slab’ prior also
allows us to perform feature selection. For this, we emph@ygosterior distribution for the latent
vectorz, hamely

| P(y|X, w)P(w|z)P(z) dw
P(ylX) ’
wherew has been marginalized out. The most relevant features feingahe regression problem
are then given by thosg for which z; = 1 has the largest marginal probability under (17). Finally,
although the sparse Bayesian framework can be very atteads computational burden limits its
applicability. In particular, most of the aforementioinggkerations require to compute summations
and integrals whose cost grows exponentially.inn practice, exact inference is not feasible under
the sparse Bayesian setting and approximate methods hdeeemployed. These involve either
sampling from the posterior distribution or approximatthg posterior with a simpler distribution
that is analytically tractable [27].

P(zly, X) (17)

7 Summary

In this paper we have given a brief introduction to the medrarby which cells produce proteins.
This mechanism is callegene expressioand consists in the synthesis of a functional polypeptide
chain from the genetic information stored in the DNA. Thetfitep in the gene expression process
is calledtranscriptionand it involves the copying of a DNA sequence into a pre-mRN#enule

by the enzime RNA polymerase (RNAP). During the lifetime @&, different proteins have to be
produced at different rates. This requires of a control stehe gene expression process. Control
of final protein concentration is mainly performed at thesexiption level by a series of regulatory
molecules that modify the activity of RNAP. The most impattaf these molecules are a set of
proteins calledranscription factorghat alter the affinity of RNAP to bind a particular sequente o
DNA. Interactions between regulators and regulatees dtdnscription level can be organized in a
transcription control networKTCN), whose edges are formally described by differentijalagions.

For different reasons, we might be interested in constigaimodel of cell functioning, e.g. a TCN.
Such a model can be obtained by first, measuring protein otrat®ns in a cell under different
conditions and second, applying specific machine learniathods to the data. Microarray chips
are a novel technology that allows scientists to approx@fgaheasure protein concentrations in a
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sample of cells. However, microarray datasets are fretyregry noisy, with a reduced numberof
sample instances and a feature space of very large dimefisidrered >> n. These characteristics
make significantly difficult the analysis of microarray dsitace most machine learning methods are
likely to identify irrelevant patters in this 'largé smalln’ scenario. A common solution is then to
consider asparse linear modelwhose parameters are learned usisparse linear methotike the
Lasso, the automatic relevance determination framewottkeo'spike and slab’ Bayesian technigue.

A Differential Equation under no Regulation

The rates of product formation fd* N and X are given by

d[gtN] — kA [PI[N] = (ko + k_1)[PN] =0, (18)
I8 kPN - olx] (19)

where the first equation is equal to zero because we have adsat[ P N| changes much more
slowly than[P] and[N]. Additionally, we have also assumed that the total conediotr of promoter
is constant and equal {&V]y, namely[N| 4+ [PN] = [N]o. Solving for[N] and substituting in (18)
yields[PN] = [P][N]o/(Km + [P]), whereK,,, = (k_1 + k12)/k+1. Replacing this result in (19)
allows us to obtain
diX] _ _Vi[P]
dt — [P]+ Ky,

I[X], (20)

whereV,,, = k42[NJo.

B Differential Equation under Positive Regulation

When the promotel bindsa molecules ofdA the complexx AN is formed. We ignore intermediate
states wheréV binds less than molecules of activator. The corresponding scheme for teenatal

reactions betweed andN is
k+3
aA+ N = aAN, (22)
k_3

wherek_ 5 andk_s are respectively the rates of complex formation and comgiesociation. The
rate of product formation far AN is therefore
d[aAN]
dt

where we have assumed that the concentratiand¥ changes very slowly. Additionally, we also
assume that the total concentration of promoter, eithentidny A or free, is constant and equal to
[Nlo, namely[N] + [«AN] = [N]o. Solving for[N] and substituting in (22) allows us to obtain the
concentration of promoter that can be bound by RNAP, namely

[A]*[Nlo
K+ [A]a ’

= ko3[ N][A]* — k_3[aAN] =0, (22)

[@AN] = (23)

where K4 = k_3/k4s. This is a particular form of the Hill equation [2] and it debes the

cooperative binding of the molecules ofA. A differential equation for the rate of production &f
is then obtaind by replacin@v], in (20) with the previous expression farAN].

C Differential Equation under Negative Regulation

When the promotelN bindsg molecules of repressdt the complex3 RN is formed. We ignore
intermediate states wheré binds less tha molecules ofR. The corresponding scheme for the
chemical reactions betwedthand N is

kia
BR+N ké 8RN, (24)
—4
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wherek 4 andk_, are respectively the rates of complex formation and comgiesociation. The
rate of product formation foB RN is therefore

d[BRN

[ﬁdt ] = ky4[N][R])? — k_4[BRN] =0, (25)

where we have assumed that the concentratigiVdV changes very slowly. Additionally, we also
assume that the total concentration of promoter, eithentidny R or free, is constant and equal to
[N]o, namely[N] + [BRN] = [N]o. Solving for[SRN] and substituting in (25) allows us to obtain
the concentration of promoter that can be bound by RNAP, hame

[No
Nl=———"7"—
N = T ReTR
whereKr = k_4/k14. A differential equation for the rate of production &f is then obtaind by
replacing[N]o in (20) with the previous expression fav].

(26)

D Maximization of the Evidence in the ARD Framework

To maximizeL(«) with respect tax we follow [26, 27]. In particular, the contribution of each
to the total logarithm of the evidence is separated out:

1 2
La)=L(a—;)+ 5 log a; — log(cv; + s;) + # , (27)
wherea._; is obtained fromx by setting the-th component of this vector tooo and the quantities
s; andg; are given by

si =, C i, (28)
¢ =¢;Cy, (29)
whereC_; is obtained by pulling out the contribution from in matrix C, namely

The quantities; andg; are respectively called thsparsityand thequality of thei-th feature. A large
value ofs; with respect tay; means that théth feature is unlikely to be relevant and consequently,
the optimal value fory; is likely to be infinite. The 'sparsity’ represents the redancy of thei-th
feature with respect to the other features already incliiéfte model. The 'quality’ measures the
alignment of the-th feature with respect to the errors of the model when tgure is excluded.
The local maximization of(a) with respect tax; occurs when the derivative of (27) with respect
to «; is equal to zero. This derivative is
dl(a) _a;'s? (¢} ) a1
dOél' 2(0&1 + Si)2

and there are two possible forms for the solution. Wit s;, the solution is obtained by setting
a; = +oo and wheng? > s;, we maximizeL(«) with respect tay; by settingo; = s2/(q? — si).
For the computation of the quantitiesandg; we employ

;S; N a; Q;

5; = ; ¢ = ; Si=¢;C Qi=¢,Cly, (32)
a; — S; oy — S;
whereg; = Q; ands; = S; whena; = +oo. Finally, whena; is modified we may updat€ ! as
071 i chl
Crdy=Cgl — old Pi%Pi “old (33)

o+ [ Coapi
The resulting algorithm for maximizing(«) implies the following steps:
1. Initializea; = +oofori=1,...,dandC~! = 21
2. Choose am; to optimize and computg ands;.
3. If ¢? > s; seta; = s?/(q? — s;) else, sety; = +o00. UpdateC~! if a; was modified.
4. Goto step 2 until all the; have reached convergence, otherwise terminate.
The bottleneck of this algorithm lays in the update of ma€ix!, which has a computational cost
equal toO(n?), wheren is the number of instances in the training set. A slightljediént algorithm

for maximizing () is described by [26, 27]. In that case, each iteration has&®on?), where
m is the number ofy; that are finite during the current iteration.
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