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Motivation

Machine learning is about making predictions from data.

Prediction is often implemented using a single learning method which
assumes a specific model that has to be adjusted to the data.

Two main difficulties in this approach:

@ What method should we use to make predictions?

@ What values of the model parameters are the optimal ones?
1 @ Decision tree?
N " @ Neural network?

° © Gaussian process?
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° Ensemble methods can be used to

w w w w w w address these difficulties!
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Ensemble Methods

Instead of a single predictor, consider a collection of different predictors.
The ensemble prediction is a combination of the individual responses.

Two different types of ensembles:

Homogeneous Heterogeneous
The same method is Different learning methods
replicated several times with are applied to the same
different parameter values. training data.

Ensembles are often better than single predictors [Plikar, 2006]. For this,
@ Predictors must be better than random guessing.

@ Predictors must make complementary errors.
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State of the Art Performance

Some applications in which ensembles obtain state of the art performance:

@ Recommendation (Netflix prize) [Koren and Bell, 2011].

@ Weather forecast [Gneiting and Raftery, 2005].

© Real-time human pose recognition (Kinect) [Shotton et al. 2011].
© Robust real-time face detection [Viola and Jones, 2004].

© Gene function prediction [Ré and Valentini, 2010].

@ Reverse-engineering of biological networks [Marbach et al. 2009].
@ Credit card fraud detection [Bhattacharyya et al. 2011].
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Why do Ensemble Methods Work?

Error probability in an ensemble of independent classifiers:

Binary classification problem. Ensemble of size M.
Predictors make independent errors with probability p < 0.5.
Individual predictions combined by majority voting.
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The assumption of independent errors does not hold in practice. But
there are other reasons for using ensembles:

Statistical Representational Computational

V99

[Dietterich, 2000]

Additionally,
@ Empirical reduction in the bias and variance components of the error.
@ Improved robustness to noise in the training data.
@ Reduction in overfitting.



How to Generate Homogeneous Ensembles?

The ensemble components should be accurate and make different errors.
For the latter, we can

@ Use different perturbed versions of the training set by

@ Manipulating training examples.
@ Manipulating input features.
© Manipulating target variables.

@ Induce some randomness in the training process. For example,

© Random initializations in neural networks.
@ Random splits in decision trees.

Performance usually depends on a set of parameters that determine the
amount of perturbation or randomization.
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How to Combine the Individual Responses?

Parallel Combination:

Predictors are queried independently. Their responses are then combined.

@ Majority voting and simple averaging.
@ Weighted majority voting and weighted averaging.
@ Input dependent weighted combination (mixture of experts).
@ Stacking.
Cascade Generalization:
The input to each predictor in a sequence is the output of previous
predictors and the original data instance.

Dynamic Integration:

A meta-level predictor selects the element with lowest expected error.

Hierarchichal Combination:

Predictors located at the leaves of a tree. Input dependent gating
networks at the internal nodes compute response probabilities.
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Bagging |

Bagging comes from bootstrap + aggregation [Breinman, 1996].
Improvements are obtained from a reduction in variance.

Consider a regression problem with M independent training sets
Di,..., 9Dy, corresponding predictors fi,...,fy and aggregated predictor

1
1%

~n

favg (x) =

H>

i(%),

||M§

The expected prediction error of f‘avg is
2 5 I — 1 — ——
By, [(gx) — y)?] = 1 Var+ (1 — - )Cov + Bias”

where Var, Cov and Bias are respectively the average variance, covariance
and bias of the individual predictors.
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Bagging Il

In practice we only have a single dataset & for training.

Solution: 91,..., 2 are bootstrap samples from 2.

P Dy Dm
A_) *ﬂWHWLO o o E

Problems:
@ Dependencies among the different predictors.

D

@ Increment in the bias and variance of the members of the ensemble.

Nevertheless, the reduction of variance in the final ensemble often
compensates for these problems!
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Bagging Il

lllustrative Example with simulated data [Hernandez-Lobato, 2009].

Each x; sampled from 4" (m;,l) where m; = (r;,...,r;) and r; ~ U[0,3].

x; is 20-dimensional.

Each y; satisfies y; = 255in(r,-)r,-_1 + &, with & ~ .47(0,1).

100 training sets with 25 instances and single test set with 1000 instances.

We construct Bagging ensembles with 100 un-prunned CART trees.

Method MSE Bias® Variance
Bagging 1575 11.16 4.60
Single Tree 36.80 9.49 27.30

The reduction in the variance of the ensemble is larger than the increment
in bias, in individual variance and in covariance!
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Bagging with un-prunned randomized CART trees [Breinman, 2001].
Besides the splits found by CART, other splits may also explain the data.
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Random forests aim to take into account these alternative partitions.
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Random Forests I

RF introduce some randomization in the construction of CART trees.

At each split, only a subset of m randomly chosen features are examined.
This increases the variance but also reduces the covariance of the trees.

Example on the same simulated data used before.
Results of a random forest ensemble of size 100 with m = 1:

Ensemble Method MSE Biass Var Cov
Bagging 1575 11.15 31.82 4.32
Random Forest 12.07 10.70 3427 1.04

The reduction in covariance leads to lower predictive error!

0OOB samples allow to estimate test error and do feature selection
[Diaz-Uriarte et al. 2006].

J. M. Herndndez-Lobato (Cambridge) Ensemble Methods in Machine Learning December 19, 2012

13/ 34



Adaboost |

Generates powerful and expressive predictors by combining weak learners

[Freund and Schapire, 1996].

The weak method is applied to repeatedly modified versions of the data.

The final adaboost decision is obtained by weighted majority voting.

Adaboost minimizes the exponential loss: [y;, f(x;)] = exp[—yif (x;)].

e Exponential Loss
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Adaboost I

At iteration k adaboost adds the predictor Fie with weight By such that

(fk?ﬁk arg min exp[ Yi Z .Bm m( X/)_Yiﬁ?(xi)]
=1

(76) |
=arg manW exp[— }/ﬁ (x,-)],
(7p) =

where wX = exp[—y; Y5~L Bmfm(x;)] is the weight of the i-th instance.

The solution is

a e - 1 1-¢
fx = arg min Z wly;: # F(x)], Bk = 3 log K
? i=1 €k
& = " Z w; H[fk(x # yil- (1)
I 1% i=
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lllustrative Example with simulated data [Hernandez-Lobato, 2009].

Each x; sampled uniformly from [—1,1]?, y; = sign(x? + x2 — 27~ 1).
Training sets with 500 instances.

Logistic regression model. Slightly better than random guessing!
Adaboost ensemble of size 1000.

On each iteration a new training set is sampled using weights wy, ..., wsqo.
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Adaboost |V

The first iterations reduce bias, while the last ones reduce variance.

Adaboost can be affected by significant overfitting problems if some of
the data instances are mislabeled.

Extensions:

A boosting method for regression can be obtained by fitting each weak
learner to the residual errors of the current ensemble [Friedman, 2001].
Used for blending in the netflix prize solution [Koren, 2009].

Boosting for multi-class problems [Saberian and N. Vasconcelos, 2011].
Margin Maximization:

Adaboost maximizes the margin of the most difficult training examples.
lllustrative example comparing boosting and bagging with CART trees
on the two-norm dataset [Martinez-Mufioz, 2006].
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How Large Should Binary Classification Ensembles Be? |

We focus on parallel ensembles such as bagging and random forests.
The error of the ensemble decreases with its size M [Breinman, 2001].

How to choose the optimal value of M?
If M is too large we waste computational resources.
If M is too small we loose prediction accuracy.

Practical solution proposed in [Hernandez-Lobato, 2010]:

Stop including classifiers to the ensemble when it is unlikely that adding
extra classifiers will change the ensemble prediction.

For fixed x, the predictions of classifiers f; and zA‘J are independent:
Z[fi(x) =y fi(x) = y"] = 2[fi(x) = Y1 2[fi(x) = y"].

where y’ and y” are any class labels.
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How Large Should Binary Classification Ensembles Be? Il

For fixed x, the ensemble prediction is the result of a binomial
experiment:

X X X X

v v ¥

v v Y Y ;
-1 1 -1 1

P(fi(x) = 1) = mx

The probability of the ensemble predicting class 1 is:

2(yM=1)= Z]<

M

m

e B (SRR L)
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How Large Should Binary Classification Ensembles Be? Il

Asymptotically, 2(yM = 1) converges to a step function:

1 if m>1/2,
lim 2(yM=1)={ 1/2 ifm=1/2,
M 0 if 7, < 1/2.

This can be observed in this plot of I (| ¥ | +1,M — ¥ ]):

1.0

0.8

0.6

0.4
I

PyM =1)

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

J. M. Herndndez-Lobato (Cambridge) Ensemble Methods in Machine Learning December 19, 2012 21/ 34



How Large Should Binary Classification Ensembles Be? IV

The M-size ensemble agrees with the infinite ensemble with probability
f@(yM = yoo) = max{nx,l—ﬂx}(l_%J +1,M— L%J)
A Gaussian approximation is given by

M 00\ U Mmax{my,1—m }—M/2
'@(y =Yy )NCD \/Mﬂx(l—ﬂx)

, where ®(x) = [*_ . 4(u]0,1) du.

We can solve for M as a function of 2(yM = y=):

2 (yM =y )P (1 —m)
(m—1/2)? ’

Mo (ym=y)
For any 2(yM = y*), if m — 1/2 then M (11— =y = o.
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How Large Should Binary Classification Ensembles Be? V

The ensemble size depends on the number of instances x with my ~ 1/2.

We can consider 7, a random variable with density &(7).

Histogram of 10,000 samples from
P(my) for the Twonorm problem.

1.0

Estimates obtained using a random
i forest (RF) with 10,000 trees.

P(7x)

0.5

The training set has 300 labeled

‘ ‘ ‘ ‘ ‘ ‘ instances.
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Note that, since 7y is random, M'@(yM:ym) is also a random variable.
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How Large Should Binary Classification Ensembles Be? VI

We can approximate (Mg, m_,~) > z) when z is large by
P(nx=1/2)0 [P (yM = y=)]
\/E )

P(Mp(ym—y=y > z) =

Universal heavy-tailed behavior!
Only depends on the classification problem through 22(m, =1/2).

llustration on twonorm for 2(yM = y*=) = 0.99:
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How Large Should Binary Classification Ensembles Be? VII

We can approximate the probability that the infinite ensemble agrees
with a large finite ensemble of size M:

P(r=1/2) [°_ &(z)dz
N :

Solving for M we obtain the size of the ensemble that agrees with the
infinite ensemble with probability 2(y™ = y*=) close to 1:

PyM=y") =1~

M — oo,

P(me=1/2) [°_d(2)dz]

1-2(yM =y=) ’

Mo(m=y=) =
Only depends on the classification problem through &(m, =1/2).
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How Large Should Binary Classification Ensembles Be? VII|

Practical implementation:
M*,. wm_ .y is obtained as the minimum M such that
P(yM=y=)

. 1N M M
‘@(yM =Yy ) < N ;Imax{fry),lfﬁg)}(L?J t 17 M- LEJ)’

1=

where {ﬁ,&i)}f\’zl are estimated using OOB, validation or unlabeled data
using an initial ensemble of size M’ = 100.

If l\/lf@(y,w:ym) > M we set M' = min(l\/lzz(y,v,:yw)ll\/l’) and repeat.

Empirical evaluation:

Ensembles of random forests and bagging with un-prunned CART trees.
18 UCI problems. Infinite ensemble approx. by finite one with 10,000 trees.
P(yM = y*) is selected to be 0.99.
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How Large Should Binary Classification Ensembles Be? IX

Average disagreement rates:
Problem RF-Test RF-OOB RF-BAN | Bag-Test Bag-OOB Bag-BAN
australian  1.0£0.6 12407 2.3+1.1 |1.0+06 1.1+07 23+13
breast 0.940.6 1.0+0.7 06405 | 0.9+05 09407 08406
circle 1.0404 11405 13406 |1.0+04 10405 13407
echo 1.0+15 11418 22424 | 12415 11420 2.0+26
german 11405 12406 51+15 11406 12406 57+2.1
heart 12411 13412 47431 |1.34£1.0 12411  4.9+34
hepatitis ~ 15+1.4 15+18 4.7+34 |13+15 12418 52436
horse 12410 11411 24417 | 11408 12411 26420
ionosphere  0.9+0.8 1.040.8 15+1.2 | 09408 1.1+1.0 1.8+15
labor 18428 19429 35449 | 14426 17437 32442
liver 15+1.1 15412 85435 | 13410 12409  7.6+4.0
pima 11407 10407 52421 |1.3+06 12407 52422
ringnorm 11403 12405 2.8+0.7 | 1.1+03 12404 33412
sonar 14412 19417 81439 |1.3+14 14416 7.0+4.1
spam 1.0+0.3 09403 08403 |1.0£0.3 1.04+03  0.8+03
tictac-toe 0.9+0.5 0.8+05 13408 | 09405 08406  0.6+0.5
twonorm  1.040.3 1.1404 22408 | 11404 12404 2.6+0.8
votes 0.840.8 0.8+0.9 07409 | 11408 1.0#1.0 10408
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How Large Should Binary Classification Ensembles Be? X

Median of the ensemble size and interquartil interval:

Problem # Tree RF-Test # Tree RF-O0OB # Tree RF-BAN
australian 257 (192, 427) 238 (189, 318) 58 (43, 78)
breast 19 (15, 34) 23 (17, 28) 57 (36, 76)
circle 64 (46, 87) 57 (35, 87) 41 (23, 61)
echo 57 (24, 131) 88 (62, 117) 35 (18, 46)
german 1570 (1216, 2280) 1616 (1422, 2130) 78 (54, 102)
heart 520 (320, 1079) 618 (404,1088) 47 (32, 74)
hepatitis 313 (178, 767) 532 (288,768) 30 (20, 61)
horse 101 (126,350) 241 (164,368) 73 (49, 110)
jonosphere 66 (39, 100) 71 (53, 96) 41 (29, 61)
labor 64 (37, 117) 78 (53, 175) 21 (14, 37)
liver 2024 (1312, 4062) 2440 (1526, 3631) 54 (33, 81)
pima 1194 (798, 1904) 1258 (1000, 1598) 56 (36, 89)
ringnorm 563 (429, 703) 443 (346, 638) 83 (64, 111)
sonar 1975 (954, 3877) 2070 (1198, 3146) 58 (37, 85)
spam 63 (53, 72) 64 (58, 73) 90 (70, 114)
tictac-toe 143 (97, 195) 185 (148,216) 116 (86, 141)
twonorm 365 (286, 428) 315 (225 ,454) 96 (62, 117)
votes 20 (13, 36) 29 (19, 41) 44 (30, 61)
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How Large Should Binary Classification Ensembles Be? Xl

Average test error:

Problem RFeo RF-Test RF-OOB RF-BAN
australian  13.1+1.9 13.1+2.0 13.2+2.1 13.2+19
breast 32409 3.6+1.0 3.6+1.0 3.4+0.9
circle 53+1.1 5.4+1.1 5.4+1.2 55+1.1
echo 9.243.4 9.6+£3.5 9.2£35 9.54+3.5
german 242418 242417 242417 24.5+1.9
heart 17.243.4 17.1+3.4 17.243.4 17.9+3.6
hepatitis 154447 15.6+45 153+4.6 15.745.1
horse 141428 143429 142429 14.7+3.0
ionosphere  6.7+£2.0 6.841.9 6.9+2.0 7.3+2.2
labor 8.4+54 9.5+£5.4 8.7+£59 9.9+£7.4
liver 28.2+4.0 28.2+39 284440 29.4+4.2
pima 241421 241421 24.04+2.0 24.4+2.3
ringnorm 6.2+1.1 6.3+£1.1 6.3£1.2 6.9f1.1
sonar 18.3+5.2 18.4+5.3 18.445.4 19.445.0
spam 5.0+06 5.1£0.6 5.0+£0.5 5.1+0.5

tic-tac-toe  2.0£09 2.44+0.9 2.2+0.9 2.5+1.0
twonorm 3.8+0.7 4.0+0.6 4.0+0.7 4.6+0.8
votes 3.8+1.5 4.0+1.5 4.0£1.5 3.94+1.6
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How Large Should Binary Classification Ensembles Be? XlI
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Summary

Ensemble methods...
* use a collection of predictors whose outputs are combined into a response.
* reduce the risk of choosing the wrong method or wrong parameter values.

* often outperform the individual ensemble members, which must be
* Better than random guessing.
* Must make complementary errors.

* often lead to a reduction in the bias and variance components of the error.
However, ensemble methods also

* require to store a considerable number of predictors into memory.

* have a prediction time that grows linearly with the size of the ensemble.
Finally, it is important to determine the appropriate size of an ensemble:

* Over-estimation can result in a waste of resources.
* Under-estimation can result in loss of prediction accuracy.

This can be done using a bound on the size M as a function of Z(yM = y*).
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Thank you for your attention!
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